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Outline

» First passage time

» Kalman filter

» Maximum likelihood estimate
» EM algorithm
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Spread as a Mean-Reverting Process

» X — Xp—q = (@ — bxp_1)T + o1&

» =b (%— xk_l)r + o+/TE

» The long term mean = %.

» The rate of mean reversion = b.
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Unconditional Mean
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Long Term Mean
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Unconditional Variance

» Var(xy) = 0,2 = (1 — bt)%04_1% + 0°1
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Long Term Variance

2 1—(1—bT)2k . 2k 2
» 0°T (_bo)? +(1 — b1)*" 0y

02T

1-(1-b71)2




Observations and Hidden State Process

» The hidden state process is:
Xy = Xp—1 + (@ — bxy_1)T + 0+/TE)
=at+ (1 — bt)xp_1 + 0/TE
= A+ Bx;_1 + Cg,
A=>0,0<B<1
» The observations:
Yk = Xk + Dwy
» We want to compute the expected state from
observations.

Xk = X = Elx |Vl
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First Passage Time

» Standardized Ornstein-Uhlenbeck process
dZ(t) = —=Z(t)dt + V2dW (t)

» First passage time
To. = inf{t > 0,Z(t) = 0]Z(0) = c}

» The pdf of Tj . has a maximum value at

¢ =>ln [1 +§(\/(c2 " 3)2 + 4¢2 4 (2 —3)]
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A Sample Trading Strategy
X = Xp—1 + (@ — bxj_1)T + 0\JTE
» dX(t) = (a — bX(t))dt + adW (t)

» X(0) =,u+c\/%_p,X(T) =y

y T ==t

D |-

» Buywheny, <u-—c (—) unwind after time T

%|q
°

» Sellwhen y;,, > u+c (—) unwind after time T

%‘q
°
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Kalman Filter

» The Kalman filter is an efficient recursive filter that
estimates the state of a dynamic system from a series
of incomplete and noisy measurements.
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Conceptual Diagram
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as new measurements come in

prediction at time ¢

Update at time t+1

correct for better estimation




A Linear Discrete System

¥ X = Fkxk_l + Bkuk + Wi,
» F: the state transition model applied to the previous
state

» Bj: the control-input model applied to control vectors

» w,~N(0, Q): the noise process drawn from
multivariate Normal distribution
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Observations and Noises

4 Zy =Hkxk+vk

» Hj.: the observation model mapping the true states to
observations

» vR,~N(0, Ry ): the observation noise
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Discrete System Diagram
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Prediction

» predicted a prior state estimate
Xijk—1 = FxXg—1jk—1 + Brug

» predicted a prior estimate covariance
Pejie—1 = FiePr—1jk—1Fx + Qp
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Update

» measurement residual
Vi = Zx — HpXg k-1
» residual covariance
Sk = HiPk—1Hy' + Ry
» optimal Kalman gain
Ky = Pjk—1Hi' Sk~
» updated a posteriori state estimate
Xk = Xjk—1 + KV
» updated a posteriori estimate covariance
Py = (I — K Hy ) Py -1
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Computing the ‘Best’ State Estimate

» Given 4, B, C, D, we define the conditional variance
Rk = Zk = E[(xx — k) *|Yy]
» Start with 5C\O|O = Yo, RO — DZ.
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Predicted (a Priori) State Estimation

v

Xk+1|k

» = Elxg 41|Vl

» = E[A+ Bxy, + Cepiq1|Ys]
» = E[A + Bx;|Ys]
>
>

—_ A + B5C\k|k
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Predicted (a Priori) Variance

v

Lit1|k
= E[(xk41 — Brr1)? Vi)
= E[(4 + Bxy + Cepi1 — Rp41)° Vi)

vV Vv

y = (A + Bxk + C£k+1 — A — B£k|k)2|Yk]
y = (B.X'k — B£k|k + C€k+1)2|Yk]
) — :(B.X'k — Bﬁklk)z + C2£2k+1|Yk]

v

—_ Bsz|k + Cz
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Minimize Posteriori Variance

» Let the Kalman updating formula be

Rkr1 = Rrrtjertr = Zerape + K|[Vier1 — Zerajel
» We want to solve for K such that the conditional
variance is minimized.

Z"k+1|k = E[(xg41 — 5C\k+1)2|Yk]
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Solve for K

E[(xXk+1 — Z+1)* Y]

= E :(xk+1 — Rk — K| Vw1 — fk+1|k])2|yk]

= E :(Xk+1 — Rpep1pke — K[Xke1 — Rhrape + Dwk+1])2|Yk]
= E|[(1 = K)(es1 = Zesap) — KD

~ 2
= (1= K)2E | (3ks1 — Rewrpe) Yie| + K2D?
= (1 = K)?* Zpyqpk + K?D?
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First Order Condition for k
d
b (1= K)? Zgqapic + K2D?
» == (1— 2K + K?) Sjepqpc + K2D?

» = (=24 2K) Z 41k + 2KD?
» =0
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Optimal Kalman Filter
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Updated (a Posteriori) State Estimation

» So, we have the “optimal” Kalman updating rule.

Rkr1 = Rrrtjer1r = Zerape + K[Vier1 — Zerajxl
Zk+1|k
Yk4+1|k+D?

= X1k T [Vie+1 — ??k+1|k]
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Updated (a Posteriori) Variance

¥ Rpyq = 2:k+1|k = E[(xg41 — £k+1)2|Yk+1] =(1- K)Z Zk+1|k + K*D?

2 2
, =(1— Zk+1|k ) Zk+1|k+( Zk+1|k ) D2

Zk+1)k+D? Zk+1)k+D?

2 2
D? k+1|k 2
) — (2 2) Zk+1|k + (2 > D
k+1|ktD k+1|ktD

4 2 2
_ D*Xg41|ktD Xky1)k

r = 2
(Zk+1)k+D?)
, =D4Zk+1|k+D22k-;1|k2
(Zk+1)k+D?)
y = (Zk+1|kD2)(D2+2k42-1|kD2)
(Zk+1)k+D?)
= I D?
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Parameter Estimation

» We need to estimate the parameters 9 = {4, B, C, D}
from the observable data before we can use the
Kalman filter model.

» We need to write down the likelihood function in
terms of Y, and then maximize w.r.t. 9.
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Likelihood Function

» A likelihood function (often simply the likelihood) is a
function of the parameters of a statistical model,
defined as follows: the likelihood of a set of parameter
values given some observed outcomes is equal to the
probability of those observed outcomes given those
parameter values.

» L(9;Y) = p(Y]9)

30



Maximum Likelihood Estimate

» We find 9 such that L(J; Y) is maximized given the
observation.
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Example Using the Normal Distribution

» We want to estimate the mean of a sample of size
N drawn frorn a Normal distribution.

f(}’) - V2mo?2 exp{ (yz_al;) }
» 9 = {u, o}
(yi—u)?
Ly V) = [T ez exp {— 75,5
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Log-Likelihood

1 (xi—p)*
» logLy(9;Y) = Iiv=1 {logm_ xz;zl }

» Maximizing the log-likelihood is equivalent to
maximizing the following.

— 2 {(x = w?}
» First order condition w.r.t.,u

1 N
M—N i=1Xi
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Nelder-Mead

» After we write down the likelihood function for the
Kalman model in terms of 9 = {4, B, C, D}, we can run
any multivariate optimization algorithm, e.g., Nelder-
Mead, to search for 9.

max L(9;Y)

» The disadvantage is that it may not converge well,
hence not landing close to the optimal solution.
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Marginal Likelihood

» For the set of hidden states, {X;}, we write
L@;Y) =pY|9) = Xxp (Y, X[|9)
» Assume we know the conditional distribution of X, we
could instead maximize the following.

mgx)E(I[L(ﬁW,X)], or

max )]%[log LY, X)]

» The expectation is a weighted sum of the (log-)

likelihoods weighted by the probability of the hidden
states.
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The Q-Function

» Where do we get the conditional distribution of {X;}
from?

» Suppose we somehow have an (initial) estimation of
the parameters, 9¥,. Then the model has no unknowns.
We can compute the distribution of {X,}.

» QW) = o pllog LY, X)]



EM Intuition

» Suppose we know 9, we know completely about the
mode; we can find X.

» Suppose we know X, we can estimate 9, by, e.g.,
maximum likelihood.

» What do we do if we don’t know both 9 and X?
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Expectation-Maximization Algorithm

» Expectation step (E-step): compute the expected value
of the log-likelihood function, w.r.t., the conditional
distribution of X under Yand 9.

Q(99W®) = logL(z9|Y X)]

> Max1m1zat10n step (M-step): find the parameters, 9,
that maximize the Q-value.

9+ = argmax Q(I9[9®)
9



EM Algorithms for Kalman Filter

» Offline: Shumway and Stoffer smoother approach,
19082

» Online: Elliott and Krishnamurthy filter approach,
1999
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A Trading Algorithm

» From vy, V4, ..., Yy, We estimate 9 (N).

» Decide whether to make a trade at t = N, unwind at
t = N + 1, or some time later,e.g.,t = N + T.

» As yy.qarrives, estimate 9(N + 1).
» Repeat.
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Results (1)
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Figure 4: Backtesting Result with Optimization for weights on each pair
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Results (2)
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Figure 5: Backtesting Result Using Equal Weight Portfolio
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Results (3)
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Figure 6: Backtesting Results Using 30-days Rolling Window Size
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